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Abstract 
This paper discusses some basic differences between engineering approaches to fatigue reliability assessment. The 
comparison is based on the fact that mechanical fatigue is a highly empirical science with large uncertainties in prior 
knowledge, both regarding observed data and model accuracy. It is claimed that the amount of available prior 
physical knowledge should decide the level of complexity in reliability tools, not computer resources nor 
mathematical theory. As a result the second moment statistics is put forward as a useful tool in fatigue reliability 
assessment, either in the regulated form like in Eurocode or in a free engineering form like through the Variation 
Mode and Effect Analysis. The latter method is outlined in certain detail and its practical usefulness demonstrated 
for some engineering reliability problems. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of CETIM, Direction de l'Agence de Programme. 
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1. Introduction 
Reliability based fatigue design has to take several sources of uncertainty into account. Simplified empirical 
models for fatigue damage contains unknown errors,  fatigue strength of materials shows a substantial scatter, and 
user profiles are both uncertain and show large variation, see e.g. [1, 2, 3, 4, 5, 6, 7] .  
Traditionally all  sources of uncertainty have been accounted for by using a large safety factor in design, expected 
to cover all possible deviations from the predicted load and strength. Such a safety factor must often be based on 
 2013 The Authors. Published by Elsevier Ltd. Open access under CC BY-NC-ND license.
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rigid rules. In order to obtain a larger control over safety, it is desirable to analyse the whole picture of uncertainty 
by assigning uncertainty measures on each contribution. A sound tool for this is mathematical statistics, which can 
be used to obtain a probabilistic design. However, mathematical tools do not add any information on uncertainty 
sources, but only helps to measure and combine them in a rational way. This is apparently not always understood, 
and complex probabilistic methods, like Monte Carlo simulations, are believed to produce knowledge that does not 
exist. Such an overuse of mathematics turns science to magic. Therefor, we here will argue for adopting the 
complexity of mathematical tools to the existing physical knowledge. The total safety factors must then be a 
combination of i) mathematical calculations on controlled sources of uncertainty and ii) experience based safety 
factors for taking uncontrolled rare events into account. 
Mechanical fatigue is a complex failure mechanism that depends on the microstructure of a material. Material 
science has during the last century increased the understanding of the physics substantially [8]. But, the physical 
mechanisms on the micro-level cannot be predicted because of lack of knowledge about the local microstructure. 
Regardless advanced theories, engineering fatigue life prediction therefore is forced to rely on global empirical 
relationships, such as the Wöhler curve, the Coffin-Manson relationship or the Paris’ law. The accuracy of empirical 
relationships is highly dependent on specific tests, and how close these can be performed to the situations that 
should be predicted. Since fatigue tests are both expensive and time consuming, the accuracy is usually quite poor. 
In addition, since the spectrum of loads in usage is unknown, rough models for damage accumulation must be used, 
introducing more model errors. 
A specific methodology for spectrum fatigue modelling was presented in [9]. This model proved to be convenient 
for defining a reliability index, and a second moment reliability method was formulated and applied to air engine 
problems [10]. One problem with using probabilistic modelling in fatigue is that the weak prior knowledge from 
fatigue tests makes any estimate of small probabilities doubtful and in practice highly dependent on subjective 
choices of probability distributions. In order to reflect this problem, the second moment methodology was 
complemented with an engineering extra safety margin in [11] and demonstrated for a truck safety component. The 
relationship between structural codes like Eurocode and reliability indices was discussed in [12], where the method 
is outlined in a general vehicle context. 
Here, the second moment approach is placed as a trade off between rigid rules on the one hand and complex 
probabilistic methods on the other. The specific second moment method with extra safety is described in detail and 
some practical engineering tools based on the method is presented. 
 
Nomenclature 
ሼݏሽ load spectrum  
ߚ Wöhler exponent 
ԡݏԡఉ spectrum fatigue norm 
ܵ௘௤  equivalent fatigue strength, a random variable 
ܮ௘௤  equivalent fatigue load, a random variable 
௙ܰ number of cycles to failure 
ߪ௑ standard deviation for the variable ܺ 
ሾܺሿ expected value for the variable ܺ 
߬ uncertainty component 
ߜ estimated uncertainty standard deviation 
ܿ sensitivity coefficient 
݀௧ target life with respect to time or distance 
݊௧ target life with respect to load cycles 
ߦ spectrum type measure 
݀ௗ extra safety distance 
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2. Rigid rules 
Traditionally, the large scatter and uncertainties present in fatigue life assessments have been compensated by an 
overall safety factor for the design. This factor is often based on long experience and related to risk, i.e. to a 
combination of 1) uncertainties involved and 2) consequences of failure. 
Since details of the basis for the magnitude of such safety factors usually are unknown, it is not possible to take 
advantage of new findings regarding uncertainty sources or new developed materials with less scatter. Still, the 
usage of global rough safety factors are practical in cases when one can accept overdesigns with respect to fatigue, 
for instance when other failure mechanisms are critical. 
In cases when we want to control the reliability and want to give opportunities for continuous improvements in 
design, then the rigid rules are obstacles for the detailed analysis that should be done. A probabilistic framework is 
then appealing. 
3. Probabilistic theory 
Probabilistic theory offers the opportunity to assign mathematical models to scatter and uncertainty, and thereby 
combine them to an overall statistical description of predicted fatigue life. Based on such a description it is possible 
to find safety factors that can be traced back to individual contributions and the design be subject to controlled 
improvements. However, in order to take advantage of the powerful statistical theory it is necessary to find relevant 
statistical models of scatter and uncertainty sources and here problems arise when dealing with fatigue problems. 
Namely, for the most important sources of uncertainty there is usually weak knowledge about their statistical 
properties. Also, reliability estimates of small failure probabilities, that usually are desirable, are extremely sensitive 
to the tails of the uncertainty distributions. Therefore, it is important to use a probabilistic methodology that 
conforms to the actual input knowledge. Here, we put forward the second moment statistics as a suitable statistical 
complexity, which is used both in the partial factor methodology and in the VMEA approach to be described later. 
4. Magic 
When methodologies are used with complexity that not is supported by input knowledge, then the results become 
highly dependent on assumptions; subjective choices of statistical distribution types may even have larger influence 
on the final reliability estimates than the data behind. Advanced mathematical formulations tend to give a scientific 
trust to the result, but without data supporting the input assumption, the alleged science turns to magic. In Figure 1 
the problem is illustrated by a large set of data. The strength is observed for a truck component. The set of 
observations are used for assigning statistical distributions of the variable, with different subjective choices, in this 
case log-Weibull with 2 or three parameters, normal, log-normal and log-logistic distribution. As seen in the figure, 
in this case reliability measures below 1% probability of failure are highly dependent on the subjective choice of 
statistical distribution type. This happens regardless that the number of observations is hundreds, which is a very 
large number in fatigue problems.     
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Figure 1. Tail estimates of the same data set but with 
different subjective choices of distribution type (published 
with permission from Christer Olsson, Scania CV AB). 
 
Unfortunately, magic in this respect is popular in industry for reliability assessments, in particular by the method of 
Monte Carlo simulations: uncertainty sources are assigned statistical distributions based on guesses, software 
defaults, or convenience. Millions of simulations are performed, sometimes consuming considerable resources, and 
reliability results far out in the lower tail of the final distribution are used for engineering decisions [13, 14]. 
Instead, fatigue reliability should be performed with statistical methodologies that are based on the minimal 
knowledge that we usually are forced to use as input, namely the mean values of the input variables and their 
standard deviations. 
5. Enlightened engineering 
By combining the probabilistic framework with engineering experience and judgements it could be possible to find 
an optimal trade off between knowledge and theory: enlightened engineering. 
One such combined method is the partial safety factor methodology, represented in Eurocode [7]. Here, each 
essential variable is assigned a characteristic value, which in relevant cases is determined from a probabilistic point 
of view. For instance, for strength it is chosen as the lower 5th percentile in the prediction distribution. By choosing 
such a high percentile, the statistical estimation methods may be justified, but in normal cases it is not low enough to 
be accepted as a basis for the design. Therefore, the characteristic strength is adjusted by division with a partial 
safety factor, of magnitude 1.0 to 1.5 for the establishment of a design value for the strength. Using this type of 
modelling also for applied load and for structural geometry, the final design is based on the calculated design values, 
giving a safe structure. 
The partial factor methodology is a mixture of statistics and engineering judgement, where statistical methods are 
used for estimating characteristic values in cases when standard deviations can be directly calculated. One problem 
with this mixture is that the statistical method of adding variances cannot be fully used, and that the final design  
value is sometimes based on the improbable scenario of simultaneous extreme input events. 
One way to overcome these drawbacks is to consequently use second moment statistics, even for input 
uncertainties whose standard deviation cannot be found from observations, but need to be assessed by engineering 
judgement. The VMEA approach to fatigue, treated next, is an implementation of such a methodology. However, 
the problem of weak knowledge in the tails of the distributions still makes it necessary to complete the probabilistic 
second moment method with an extra safety distance, corresponding to the partial safety factors, based on 
engineering judgements and experience. 
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6. The VMEA approach to fatigue 
6.1. Basic idea  
A fully second moment statistical method must interpret all scatter and uncertainty sources as random variables and 
combine them to a final estimate of reliability. One of the most important steps in the evaluation of such a method is 
the identification of all essential sources of uncertainty.  The established usage of methods like FMEA, Failure 
Mode and Effect Analysis, in industry includes powerful quality tools. The actual approach should also include such 
tools and therefore the name VMEA is adopted, the Variation Mode and Effect Analysis. The acronym was 
introduced in quality engineering [15], where it was given three levels of complexity, basic, enhanced and 
probabilistic. The actual method is based on the probabilistic VMEA and is constructed as follows. 
The reliability problem is formulated as a load/strength interaction, see Figure 2, where scalar representations of 
the load and the strength are regarded as random variables and the reliability of the design is given by the interaction 
of the distribution tails. We formulate the distance between the logarithms of load and strength and normalize it with 
the standard deviation of this random distance, 
 ݉ௌ െ ݉
߬ௌି௅ ǡ 
(1) 
 
where ݉ௌ and ݉ are the estimated logarithms of the strength and load mean values. 
This property may be recognised as the “Cornell reliability index” [1], which usually is used with respect to 
random scatter. However, in the actual VMEA approach, we let a combination of scatter and uncertainty sources be 
the generator of the randomness in the model. This is because an empirical science like fatigue always contains 
considerable model errors that must be taken into account in the reliability perspective. 
 
 Figure 2. The load/strength approach to reliability  
 
 
 
The strength and load variables are made to scalar properties by means of the Palmgren-Miner theory, in a 
manner that is shown below. The standard deviation, ߬ௌି௅ , should be interpreted as a prediction uncertainty and 
is calculated by the second moment method through the Gauss approximation formula, 
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where ߜ௜ଶ is the prediction variance of the influencing variable ݔ௜ , and ܿ௜ is the sensitivity coefficient with respect 
to  ݔ௜ǡ i.e. the partial derivative, 
 
ܿ௜ ൌ
߲ሺܵ െ ܮሻ
߲ݔ௜ ǡ 
 
(3) 
often easily obtained by numerical differentiation. For convenience in the sequel we also introduce the uncertainty 
component ߬௜ଶ ൌ ܿ௜ଶߜ௜ଶǤThe engineering challenge in the method is to quantify the uncertainty in the influencing 
variables, i.e. to find proper values for their prediction standard deviations. 
6.2. The fatigue VMEA tool 
In order to use the reliability index (1) for the general case of spectrum fatigue, scalar representations of load and 
strength must be constructed. This is accomplished by means of the Palmgren-Miner method for damage 
accumulation, see below. 
Another complement of the reliability index is here put forward, namely a compensation for the weak knowledge 
about the statistical distribution tail. In case the total prediction uncertainty ߬ௌି௅ଶ is built from several sources of 
similar magnitude, then one can expect a result in accordance with the statistical central limit theorem: the final 
uncertainty distribution tend to be normally distributed, regardless the type of distributions of the individual sources. 
However, this is can only be expected in the central part of the distribution, the tails may differ significantly from 
normality. Therefore, the statistical uncertainty measure should only be used for controlling the central part of the 
uncertainty, here represented as the 90% two-sided prediction interval corresponding to 5% probability of failure. In 
case such a high probability of failure is not acceptable, an extra safety distance must be added. The formula for a 
reliable structure is then 
 
݉ௌ െ ݉௅ ൐ ͳǤ͸Ͷ ή ߬ௌି௅ ൅ ݀ௗǡ (4) 
 
where ݉ௌ െ ݉௅ is the estimated strength/load difference and ݀ௗ is a deterministic distance, chosen in accordance 
with the actual demand, perhaps decided based on the consequences of failure. Using values of ݀ௗ in the interval 
0.1-0.25 corresponds to extra safety factors similar to typical Eurocode partial coefficients, 1.1 – 1.3, since  
 
ሺͲǤͳሻ ൌ ͳǤͳǡ ሺͲǤʹͷሻ ൌ ͳǤ͵  
 
The statistical uncertainty, ߬ௌି௅ , is practical to express as a sum of three uncertainty sources,  
 
߬ௌି௅ଶ ൌ ߬ௌଶ ൅ ߬ଶ ൅ ߬Ⱦଶǡ (5) 
 
where the third component is the uncertainty in the Wöhler exponent. Namely, the scalar representations of strength 
and load are both dependent on the chosen exponent and by separating the properties, dependency problems are 
avoided. The first two components each normally consist of several sub-components, added together quadratically 
according to (2). Methods for estimating these sub-components are treated next. 
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6.3. Quantification of scatter and uncertainty 
In case of a scatter source, the standard deviation can be found from samples by ordinary statistical methods. In 
order to include both scatter and the statistical uncertainty of the estimated mean, the prediction standard deviation is 
constructed by the following extension, 
 
ߜ௜ ൌ ߪො௜ ή
ݐ௡ି௣
ͳǤͻ͸ ή ඨͳ ൅
݌
݊ െ ݌ ൅ ͳ Ǥ (6) 
 
Here, the sample standard deviation ߪො௜ is adjusted by two factors. The first one compensates for the uncertainty in 
the estimated standard deviation by using the student-t distribution. The constant ݐ௡ି௣ is the 97.5% quantile in the t-
distribution with ݊ െ ݌degrees of freedom (approaches 1.96 when ݊ െ ݌  is large), where ݊  is the number of 
samples used for the standard deviation estimate and݌ is the number of parameters estimated from the same sample. 
In the second factor, the root expression, the second term is a contribution for the uncertainty in the estimated 
parameters, based on the expected prediction variance [16]. As a rule of thumb, in case ݌ ൌ ͳ and the number of 
degrees of freedom is not less than 20, then the approximation ߬௜ ൌ ݏ௜  is usually good enough. 
In case of uncertainty sources that cannot be represented as scatter, then the standard deviation measure is more 
difficult to find. Typical such sources are sampling error, model error, and equivalence error. 
Sampling error occurs when a scatter source has been sampled in a non-random way, giving a bias. For the 
strength, the test sample may be taken from one batch or from one supplier, while the reliability assessment also 
should include other parts of the population. For the load, field measurements may have been done for a certain 
choice of usages, which seldom can be regarded as a random sample of all usages. For sampling error uncertainty 
sources, the prediction standard deviation must be based on engineering judgement. For instance, experience 
indicates that the bias may vary within േ10%. Such a judgement may be used to get an assessment of its prediction 
standard deviation, 
 
߬௕௜௔௦ ൌ
ͲǤͳ
ξ͵ ൌ ͲǤͲ͸ǡ 
 
where we approximate the judgement as a uniform random variable to get a proper standard deviation. Also, since 
we use the natural logarithm for our basic properties load and strength, the coefficient of variation, such as 
percentage judgements, turns to a standard deviation, 
 ߪ௑
ሾܺሿ ൎ ߪ௑Ǥ 
 
Model errors must often be taken into account since fatigue models like the Wöhler curve, the LCF-curve or the 
Paris´ crack growth equation are coarse simplifications and lack of knowledge about material details make more 
complex, and possibly more accurate, models useless. Model error prediction standard deviation can of course be 
based on judgements like the sampling error as above, but there may be other possibilities if several model 
alternatives are available. By letting several engineers independently make predictions based on the same input, the 
variation among their results may be used as a measure. Round robin exercises in this respect have been done 
occasionally [17, 18]. In one such investigation the standard deviation of the fatigue strength predictions was about 
25% [19], which result may be used in similar situations as the model uncertaintyǡ ߬௠௢ௗ௘௟ ൌ ͲǤʹͷ. 
Another method to quantify possible model errors is to use engineering experience and calculate fatigue strength 
with two models regarded as extreme samples of models. For instance, in an air engine application the non-linear 
material behaviour was judged to be within the limits of a linear and a Neuber approximation and the resulting 
logarithmic fatigue lives were assumed to be uniformly distributed between these limits [10]. 
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Equivalence error may appear in different parts of a reliability assessment procedure. Load measurements in the 
field may not be possible to perform at the hot spot where fatigue is expected to occur, but must be measured at a 
remote location, laboratory fatigue tests on components can usually not exactly resemble the desired service load 
situation, tests must usually be accelerated in some way and all environmental effects cannot be tested. Equivalence 
errors can be diminished by careful design of experiments, but remaining uncertainties must usually be quantified by 
engineering judgements, perhaps using the concept of percent judgements about worst cases and using the uniform 
distribution tool as described above. 
6.4. Fatigue strength and load representation 
For high cycle fatigue we use the Wöhler curve representation, modelled by the Basquin equation, 
 
௙ܰ ൌ ߙ ή οݏିఉǡ 
 
where the number of cycles to failure is modelled as a product of a material constant and the load range raised to a 
material specific exponent. For our purposes we re-parameterise this model to a form more suitable for engineering 
and generalized to spectrum loads, 
 
௙ܰ ൌ ʹ ή ͳͲ଺ ቆ
ԡݏԡఉ
ܵ௘௤ ቇ
ିఉ
ǡ (7) 
 
 
where the constant ʹ ή ͳͲ଺  is chosen to give the component characteristic ܵ௘௤  the interpretation of the fatigue 
strength at two million cycles. The scalar representation of the spectrum, ԡݏԡఉǡis defined below. 
 
A load time history is represented by its spectrum, i.e. its load hysteresis cycle contents calculated by, for 
instance,  the rain flow count algorithm [12],  
 
ሼݏሽ ൌ ሼοݏଵǡ οݏଶǡ ǥ ǡ οݏ௠ሽǡ 
 
including m counted load ranges for a certain block, driving distance, or elapsed time. 
In order to give the load spectrum a scalar representation regardless its range distribution we introduce the fatigue 
beta norm, 
 
 
ԡݏԡఉ ൌ ൭
ͳ
݉෍οݏ௞
ఉ
௠
௞ୀଵ
൱
ଵȀఉ
Ǥ (8) 
 
 
The equivalent fatigue strength for a component or a material is modelled as a log-normal distributed random 
variable, denoted ܵ௘௤ . Its natural logarithm ൣܵ௘௤൧ is then a normal distributed random variable with expected value 
ߤ௟௡ௌ and standard deviation ߪ௟௡ௌ. For a given fatigue exponentߚ we can calculate the i-th observation of this 
variable from a fatigue test result by the formula, 
 
ܵ௘௤൫ ௙ܰ൯ ൌ ൬ ௙ܰʹ ή ͳͲ଺൰
ଵ
ఉ ή ԡݏԡఉǡ (9) 
 
where ௙ܰ is the number of cycles to failure for the component. If we have ݊ test results from (possibly) different 
load spectra we can estimate the expectation and standard deviation of the fatigue strength for the component, 
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ߤ௦ ൎ ݉௦ ൌ ൣܵ௘௤൫ ௙ܰ൯൧തതതതതതതതതതതതതതതǡߪௌ ൎ ߪොௌൌൣܵ௘௤൫ ௙ܰ൯൧ǡ (10) 
 
where the bar denotes the average of the observations and ሾήሿ denotes their statistical standard deviation. 
 
A comparable representation of the service load is constructed in a similar way as the strength (9), 
 
ܮ௘௤ሺ݊௧ሻ ൌ ቀ
݊௧
ʹ ή ͳͲ଺ቁ
ଵȀఉ
ή ԡݏԡఉǡ (11) 
where ݊௧is the target life by means of cycles and the norm is defined as above (8). When the target life is given for 
instance as a service time or driving distance ݀௧ then 
 
݊௧ ൌ
݊ ή ݀௧
݀௡ ǡ (12) 
where ݊ is the number of cycles counted for the observed distance ݀௡.  
For the reliability assessment we need values for the expectation and variance of the load and by making cycle 
counts on a random choice of service environments we obtain a number of observations on the random equivalent 
load variable. The mean and standard deviation of the logarithmic transformation are estimated, 
 
ߤ௅ ൎ ݉௅ ൌ ൣܮ௘௤ሺ ௧ܰሻ൧തതതതതതതതതതതതതതതǡߪ௅ ൎ ߪො௅ൌൣܮ௘௤ሺ ௧ܰሻ൧Ǥ (13) 
These strength (10) and load (13) properties are the primary input to the reliability formula (4),  where the primary 
scatter components for strength and load are calculated according to (6), for load, 
 
߬௅భ ൌ ߜ௅భ ൌ ߪො௅ ή
ݐ௡ିଵ
ͳǤͻ͸ ή ඨͳ ൅
ͳ
݊ Ǥ (14) 
Namely, if load and strength are directly observed in a common unit, then their sensitivity coefficients both equals 
unity and ߬௅భ ൌ ߜ௅భǤ Since the only estimated parameter is ݉௅ , ݌ equals unity. 
6.5. The uncertainty of the Wöhler exponent 
The Wöhler exponent ߚ is a cruical parameter in fatigue assesment. It can be estimated from fatigue test results by 
non-linear regression using the spectrum representation of the Wöhler curve (7), see [9] for details. In many 
industrial applications the exponent is based on former knowledge and assigned a specific value depending on 
material and type of component. For instance for welds, the exponent 3 is established and components with smooth 
surfaces are assigned higher exponents, say 5 or 8. Of course there is an uncertainty around the used value, both 
when it is found from experiments and when it is based on former knowledge.  
In the latter case it is useful to adopt the method of a uniform distribution based on a judged error interval for 
finding an uncertainty measure of ߚ. For instance, the exponent for a weld is assumed to be covered by the interval 
2.5 to 3.5, and the corresponding uncertainty standard deviation is 
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ߜఉ ൌ
͵Ǥͷ െ ʹǤͷ
ʹξ͵ ൌ ͲǤʹͻǤ (15) 
When the exponent is estimated from a non-linear regression, then its uncertainty is  
 
ߜఉ ൌ ቎ߪො
ݐ௡ିଶ
ͳǤͻ͸ ή ඨͳ ൅
ʹ
݊ െ ͳ቏ ݍ൘ ǡ (16) 
where ߪො is the estimated standard deviation in the logarithmic life found in the regression and ݍ is the following 
property, 
ݍ ൌ෍ ሺߠ௜ െ ߠҧሻଶǡߠ௜ ൌ ൝
σ οݏ௞ఉοݏ௞௠௞ୀଵ
σ οݏ௞ఉ௠௞ୀଵ
ൡ
௜
௡
௜ୀଵ
Ǥ (17) 
Here, the ߠ௜ is calculated from the rain flow count spectrum for the i-th spectrum used in the fatigue test. For 
constant amplitude tests,  ߠ௜ ൌ οݏ௜Ǥ 
The sensitivity coefficient can be derived by differentiation of the strength/load difference ܵ െ ܮwith respect 
to ߚ giving: 
 
ఉܿ ൌ
ͳ
ߚ ቆ
݊௧ െ ܰതതതതത
ߚ ൅ ߦௌഥ െ ߦ௅ഥቇ ǡ (18) 
where ݊௧ is the target life, ܰതതതതത is the average logarithmic life from the tests and ߦௌഥ െ ߦ௅ഥ  is the difference between the 
average spectrum types in strength tests and in service loads, respectively. The spectrum type measure ߦή is defined 
as, 
ߦή ൌ ߠ െ ԡݏԡఉǡ 
with ԡݏԡఉ and ߠ according to (8) and (17). 
Note that the sensitivity of the exponent depends on two relations between test and service conditions, testing i) 
close to the target life and ii) with spectrum types close to the service diminishes the exponent sensitivity. 
7. Engineering usage of the VMEA method 
The basic formula for reliability assessment is (4), 
݉ௌ െ ݉௅ ൐ ͳǤ͸Ͷ ή ߬ௌି௅ ൅ ݀ௗǡ 
The estimated difference on the left hand side is found from (10) and (13). The statistical prediction uncertainty is 
determined from all essential sources of uncertainty according to (5) 
߬ௌି௅ଶ ൌ ߬ௌଶ ൅ ߬ଶ ൅ ߬Ⱦଶൌ߬ௌభଶ ൅ ߬ௌమଶ ൅ ڮ൅ ߬௅భଶ ൅ ߬௅మଶ ǥ൅ ߬Ⱦଶǡ 
where ߬ௌభଶ ߬௅భଶ  are calculated according to  (14), ߬Ⱦଶ ൌ ఉܿߜఉ through  (15) or (16), and (18). Other uncertainty 
sources are given proper prediction uncertainty measures  as outlined in section 7 and sensitivity coefficients by (3). 
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The extra safety distance is decided based on the actual demands on safety and the evaluation of the inequality 
gives answer to the question: approved or not approved.  
If not approved, there are different measures to be taken for improvements. The statistical uncertainty may be 
reduced by identifying the most severe sources by looking at the largest ߬ǣ. For sources that origins from lack of 
knowledge, more field studies can be done, more accurate models be used, or more experiments be performed. For 
scatter sources it is often not possible to reduce the uncertainty, but in some cases it can be done by higher demands 
on material quality or classification of usages on the load side.  Finally, if such efforts do not suffice, the nominal 
load and/or strength must be changed. 
Once a design has been approved, the formula (3) can also be used for approving new material or a new 
component.  
8. Validation of strength 
We have the reliability relation (3), 
 
݉ௌ െ ݉௅ ൐ ͳǤ͸Ͷ ή ߬ௌି௅ ൅ ݀ௗǡ 
 
which may be used for validation testing. Assume that we have an estimate of the damage exponent ߚwith 
corresponding uncertainty ߬ఉ , an estimate of the nominal load with its uncertainty ߬௅ , estimates of strength 
uncertainty sources apart from the component to be validated ߬ௌమǡǥ  and a fixed extra safety distance ݀ௗ. Furhter, 
assume that the standard deviation for the component strength is known, ߪௌǤ Then the prediction variance for the 
strength is 
 
߬ௌଶ ൌ ߪௌଶ ڄ ൬ͳ ൅
ͳ
݊൰ ൅ ߬ௌమǡǥ
ଶ ǡ 
 
where the last term includes all uncertainty sources apart from the component experimental strength. For the 
validation test we now have the demand 
 
 ݉ௌ ൐ ݉௅ ൅ ͳǤ͸Ͷ ڄ ටߪௌଶ ڄ ቀͳ ൅ ଵ௡ቁ ൅ ߬ௌమǡǥଶ ൅ ߬௅ଶ ൅ ߬Ⱦଶ ൅ ݀ௗ 
 
where the right hand side depends on the number ݊ of validation tests that we are willing to do; the more tests, the 
less demand on the nominal strength result. In the special case when the validation tests are all survivors, we can 
estimate the average strength to be higher than the one based on the applied load and approve, when we have 
failures, we estimate the strength and compare to the limit for approval. 
Example 1: we have the following estimates: 
 
݉௅ ൌ ͷǤʹǡ߬௅ ൌ ͲǤͳʹǡߚ ൌ ͶǤʹǡ߬ௌమǡǥ ൌ ͲǤͲͷǡߪௌ ൌ ͲǤ͵ǡ݀ௗൌͲǤͳͺǤ  
 
We have a new component that we want to validate. The limit to fulfil is, if we do five tests: 
 
 ݉௅ ൅ ͳǤ͸Ͷ ڄ ටߪௌଶ ڄ ቀͳ ൅ ଵହቁ ൅ ߬ௌమǡǥଶ ൅ ߬௅ଶ ൅ ߬Ⱦଶ ൅ ݀ௗ ൌ ͷǤͻ͸Ǥ 
 
We now make five test to failure and calculate the five component log-average fatigue strength, using (9), (10) 
with ߚ ൌ ͶǤʹ. If the log-average is larger than ͷǤͻ͸we approve the component. 
 
8.1. A practical validation procedure 
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One possible usage of the theory above is to use a spectrum test on ݊ specimens at a single load level; at the limiting 
value 
 
  
݉ௌ ൌ ݉௅ ൅ ͳǤ͸Ͷ ڄ ටߪௌଶ ڄ ቀͳ ൅ ଵ௡ቁ ൅ ߬ௌమǡǥଶ ൅ ߬௅ଶ ൅ ߬Ⱦଶ ൅ ݀ௗǡ  
 
where the underscore denotes the lower validation limit. 
 
For validation we use a load time signal ݏ଴ሺݐሻ  with spectrum norm ԡݏԡఉ  and scale the load signal to the 
validation limit, 
 
ݏሺݐሻ ൌ ݁
௠ೄ
ԡݏԡఉ ݏ଴ሺݐሻ 
 
We can now perform tests with this time signal until two million cycles and consider the result. If the number of 
survivors is larger than the number of failures, then the component can be approved. 
 
Example 2: We have a load spectrum representing the spectrum norm 245 MPa. We decide to test three 
specimens. The limiting value with numbers from example 1 is 
 
݁௠ಽାଵǤ଺ସڄටఙೄమ ڄቀଵା
ଵ
ଷቁାఛೄమǡǥమ ାఛಽమ ାఛȾమାௗ೏ ൌ ͶͲͲǡ 
 
and we scale the load signal with the scale factor ͶͲͲȀʹͶͷ ൌ ͳǤ ͸͵. The first two specimens survive two million 
cycles and the component can be approved. 
     
Example  3. We decide to test one specimen. The limiting value is 
 
݁௠ಽାଵǤ଺ସڄටఙೄ
మ ڄሺଵାଵሻାఛೄమǡǥమ ାఛಽమ ାఛȾమାௗ೏ ൌ Ͷͷͳǡ 
 
and we scale the time signal with the scale factor ͶͷͳȀʹͶͷ ൌ ͳǤ ͺͶ. The specimen fails and the component cannot 
be approved. 
     
    Note that if the first specimens survive and consist of more than half of the pre-determined number of 
specimens, then no more specimens need to be tested. However, it is not allowed to add more specimens after the 
first set has resulted in disapproval. This is because the statistical theory behind the procedure is based on the 
assumption of independence between the tests, but if the test procedure is based on previous results this assumption 
is violated. 
8.2. Validation at elongated life 
The validation test can also be done at lower load levels if the life that defines the equivalent strength is longer than 
the two million cycles. In fact, the equivalent strength is estimated from a test result through (9), 
 
ܵ௘௤൫ ௙ܰ൯ ൌ ൬ ௙ܰʹ ή ͳͲ଺൰
ଵ
ఉ ή ԡݏԡఉǤ 
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where ௙ܰ is the number of cycles to failure. This means that if we choose the run out level to, say, ten million 
cycles, then a survivor will have an estimated strength that exceeds 
  
ͳͲ଻
ʹ ή ͳͲ଺ ԡݏԡఉ ൌ ͷ
ଵȀఉԡݏԡఉǤ 
 
Example 4. We decide to test one specimen and want to approve if it survives ten million cycles. The limiting 
value by means of equivalent strength is as above 451 MPa but the elongated demanded life changes the scale factor 
to 
 
Ͷͷͳ
ʹͶͷ ή ͷଵȀఉ ൌ ͳǤʹͷǤ 
 
    Of course, the elongation of the demanded life needs to be handled with care, since a possible fatigue limit 
may violate the theory of equivalent strength. However, at variable amplitude one often assumes that the fatigue 
limit disappears if some cycles in the spectrum exceed the limit. 
9. Summary and discussion 
Second moment statistics is put forward as a suitable choice of complexity in a fatigue reliability assessment 
methodology. This because the traditional concept of an overall safety factor is too rigid to allow for continuous 
improvements of designs and that more advanced probabilistic methods demand input knowledge that usually is 
absent in fatigue problems. 
The weak input knowledge must be considered even in case of the simplified second moment methodology, since 
the output will inherit the lack of, in particular, knowledge about the distribution lower tail. In case there are 
demands on failure probabilities lower than about 5%, then the statistical lower limit must be completed by a 
deterministic extra safety margin, not based on statistical considerations, but on engineering judgements about low 
probability events and consequences of failure. 
Two different approaches that follow this second moment idea are the partial factor approach and the VMEA 
approach with extra safety. The partial factor approach uses probabilistic analysis by means of quantiles only for 
inputs whose randomness is easy to identify and use deterministic methods for others. This has the consequence that 
the powerful variance addition cannot be fully appreciated. The VMEA approach, on the other hand, assigns random 
features to all uncertainty sources, which takes full advantage of the statistical theory of variance addition. However, 
in case non-random uncertainties are essential, the final statistical result cannot be interpreted as a failure rate. For 
instance, a model error usually is the same for each sample of future components, either it is stronger than expected 
or weaker and the failure rate is expected to be either larger or lower than the estimated VMEA “probability of 
failure”. However, in case random sources dominate and several components are subjected to the same severity, 
then the expected strength should be adjusted to the minimum of these similar situations.  
For continuous improvements in engineering, the VMEA approach with extra safety is very powerful. The 
different terms in the quadratic sum of uncertainty components can be listed with their comparable numbers. With 
knowledge about if their origin is scatter or uncertainty it is easy to put focus on the critical components and take 
necessary measures for improvement. By leaving the extra safety outside the statistical analysis, such measures can 
be taken without violating high safety requirements. 
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